Introduction
In this article, we study birational varieties with 1-dimensional foliation and induced piecewise morphisms.
Let X and Y be smooth complete complex varieties. Consider a birational map f : X · · · → Y . By definition, f is not generally defined all over X. We observe that if X has some one-dimensional foliation, it is possible to extend f to the whole space X as a piecewise morphism (that is, a map such that for some stratification of X, the restriction of the map to each stratum is a morphism of varieties). A one-dimensional foliation on X determines, at each point x ∈ X, an isomorphism class of arcs γ x : Spec C[[t]] → X. If the image of the generic point by γ x is in the largest open subset where f is defined, then there is the corresponding arc on Y , say at y ∈ Y . Thus we have a map X ∋ x → y ∈ Y , which is clearly an extension of the original f . We will prove this is a piecewise morphism (Lemma 3.4).
Varieties X and Y are said to be K-equivalent if there is a proper birational maps X ← Z → Y with a common relative canonical divisors K Z/X = K Z/Y . It is named by Wang [16] , though it had been familiar to birational geometers. Flops, crepant resolutions of a same singular variety, birational minimal models are classical examples. Motivic integration theory says that K-equivalent smooth complete varieties have the same Hodge numbers. For an ordinary flop f : X · · · → Y , this follows also from that X and Y are picewisely isomorphic: The flop replace an projective space P ⊂ X with another P ′ ⊂ Y . Thus we have that X \ P ∼ = Y \ P ′ and P ∼ = P ′ . From additivity of E-polynomial, we can conclude that X and Y have the same E-polynomial, and the same Hodge numbers. Therefore it is natural to ask: Problem 1.1. Are smooth K-equivalent varieties X and Y piecewisely isomorphic? If so, construct a piecewise isomorphism X → Y .
It is however clear that there is not a priori a natural piecewise morphism X → Y . Therefore, to have a natural one, we need an additional stucture, a 1-dimensional foliation as stated above. We will give a partial answer to the question in this paper. Namely we prove the following: Theorem 1.2. (Theorem 3.5, Corollary 3.7) Let f : X · · · → Y be a K-equivalence map of smooth varieties. Letf be the extension of f induced by a smooth foliation on X. Assume thatf is defined all over X. Assume also that X and Y are isomorphic in codimension one and that the induced foliation on Y is smooth. Thenf is a piecewise isomorphism.
In the last section, we will see concrete examples; a standard flop and a Mukai flop. We explicitly construct smooth foliations. Then we interpret the former example as GIT quotients. This seems to support our attempt.
In Section 2, we gather topics from piecewise geometry; E-polynomials, surjunctivity, the Grothendieck ring of varieties, motivic integration, and K-equivalence. In Section 3, we see that a foliation induces a piecewise morphism. Then we prove our main results. In section 4, we give examples.
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Piecewise geometry
In this section, we recall several facts from piecewise geometry, that is, a geometry on piecewise morphisms of varieties. In the paper, we mean by a variety a complex algebraic variety.
Piecewise morphisms.
Definition 2.1. A map f : X → Y of the underlying sets of varieties is called a piecewise morphism if there is a stratification X = X i by locally closed subsets such that for every i, f | X i is a morphism of varieties.
It is clear that a map f : X → Y is a piecewise morphism if and only if the graph Γ f ⊂ X × Y is a constructible subset. The compostion of piecewise morphisms is again a piecewise morphism. If a piecewise morphism f : X → Y is injective, then there is a stratification X = X i by locally closed subsets such that for every i, f | X i is a immersion of varieties. Indeed there is a stratification of X such that the restriction of f to each stratum isétale onto the image and is an immersion since it is injective. A piecewise morphism is called a piecewise isomorphism if it is bijective.
2.2. E-polynomials and the Grothendieck ring of varieties. Let e(X) denote the Euler number of a variety X. A functor X → e(X) is additive and multiplicative; e(X Y ) = e(X) + e(Y ), e(X × Y ) = e(X)e(Y ). From additivity, piecewisely isomorphic varieties have the same Euler number. E-polynomial is a sophistication of Euler number with these properties.
For a variety X, the compact-supported cohomology groups H i c (X, Q) are endowed with mixed Hodge structure. Danilov and Khovanskii [5] introduced the E-polynomial of X as follows:
Its basic properties are
• deg E(X) = 2 dim X. In particular, X = ∅ if and only if E(X) = 0.
The last property distinguishes E-polynomial from Euler number. The Grothendieck ring K 0 (Var) of varieties is the free abelian group generated by the isomorphism classes [X] of varieties modulo relations
The functor X → [X] ∈ K 0 (Var) is universal with respect to the property [X] = [X \ Y ] + [Y ]: For example, the functor X → E(X) uniquely factors as follows;
Remark 2.2. Bittner [3] proved that K 0 (Var) is identical to the free abelian group generated by smooth projective varieties modulo rela-
where Y ⊂ X is a smooth closed subvariety and E denotes the exceptional divisor of the blow-up Bl Y X.
Poonen [15] proved that K 0 (Var) is not a domain, more precisely that there are abelian varieties A and B such that
(1) For a variety X, its Hodge characteristic is defined to be an element
of the Grothendieck ring of Hodge structures. It has similar properties as E-polynomial.
(2) Let K 0 (CHM) be the Grothendieck ring of Chow motives. Gillet and Soulé [10] and Guillén and Navarro Aznar [11] proved that there is a map (Varieties) → K 0 (CHM), X → χ c (X) with similar properties and such that for a smooth projective X, χ c (X) is the class of the Chow motive of X.
2.3. Surjunctivity. Following Gottschalk [8] , a map f : X → Y between sets is called surjunctive if it is either surjective or non-injective.
Ax [1] [2] and Borel [4] proved that every endomorphism of a variety is surjunctive. We give slightly more by a simple proof with Epolynomial.
I found the term, 'surjunctive', in Gromov's paper [9] . In it, he studied the surjunctivity for a kind of infinite dimensional varieties.
2.4.
Motivic integration and K-equivalence. We refer to [12] , [6] for the motivic integration.
Let L be the class [A 1 ] of an affine line in the Grothendieck ring of varieties K 0 (Var). Let M be a localization K 0 (Var)[L −1 ]. Kontsevich [12] considered a completion of M: Let F m ⊂ M be the subgroup generated by [X]L i with dim X + i ≤ −m. DefineM := lim ← − M/F m . It has again a natural ring structure. The motivic integration takes values in this ring. Definition 2.5. Let X and Y be smooth and irreducible varieties.
( Recall that a semiring is a ring-like object imposed to be only a commutative semigroup under addition. Let M ′ be the subsemiring of M generated by [X]L n with a variety X and an integer n, that is, by the elements without negative terms. Similarly this semiring also has a completionM ′ . It is easy to see that the map M ′ →M ′ is injective. We can construct, in the same fashion, motivic integration with values in the semiringM ′ . Though we have still a gap with Problem 1.1, we can conclude:
A piecewise morphism of birational foliated varieties
3.1. Jets and arcs. For a nonnegative integer n, an n-jet on X is a morphism of C-schemes Spec C[t]/(t n+1 ) → X. There is a scheme J n X, called the n-jet scheme, such that the set of the C-points J n X(C) is natrually identified with the set of the n-jets;
For m ≥ n, there is a natural projection J m X → J n X. It is an affine morphism. Moreover if X is smooth and of dimension d, then it is a locally trivial affine space bundle of relative dimension (m − n)d.
An arc (or ∞-jet) on X is a morphism of C-schemes Spec C[[t]] → X. We define the arc scheme to be J ∞ X := lim ← − J n X.
The limit exists because all projections J m X → J n X are affine morphisms. Similarly we have a natural identification;
.
A morphism f : X → Y of varieties induces a natural morphism f n : J n X → J n Y for each 0 ≤ n ≤ ∞.
3.2.
Foliations, arcs and piecewise morphisms. Let X be a smooth variety.
Definition 3.1. A (1-dimensinal) foliation on X is an invertible subsheaf L of the tangent sheaf T X with T X /L torsion free. A foliation L is called smooth if T X /L is locally free. We call a variety endowed with a foliation a foliated variety.
Let X be a foliated variety with a distinguished foliation L. Let S be the open subset of the points where L is smooth. Frobenius' theorem says that there is a unique integral curve through each point of S.
. We say that two arcs γ, γ ′ :
We can define [γ x ] more algebraically. Let V = Spec R ⊂ S be an affine open subset and let A ∈ L(V ) a generator. Regard A as a vector field over V . Then it corresponds to a derivation δ : R → R and induces a ring homomorphism:
The associated morphism of schemes
determines an arc γ x at each x ∈ V whose isomorphism class is the same as above. Proof. There are proper birational morphisms X g ← − Z h − → Y with f = hg −1 and Z smooth. Moreover we can assume that g is an isomorphism over U. Then we can define (g −1 ) L . It is easy to see that dom(g −1 ) L = dom(f L ) and f L = h • (g −1 ) L . Therefore it suffices to show that (g −1 ) L is a piecewise morphism.
The morphism g : Z → X induces the morphism of the arc schemes g ∞ : J ∞ Z → J ∞ X. Let J ′ ∞ X ⊂ J ∞ X be the subset of the arcs γ with γ(η) ∈ U. From the valuative criterion for properness, an arc in J ′ ∞ X uniquely lifts to an arc on Y . Namely we have a map α : J ′ ∞ X → J ∞ Z with g ∞ α = id and αg ∞ | α(J ′ ∞ X) = id. (Note that this is not a morphism of schemes.) Shrinking X to an affine open subset, we can assume that L is generated by a vector field A. The vector field induces a morphism X⊗ C C[[t]] → X. It corresponds to a section s : X → J ∞ X. We easily see that s(dom(g −1 ) L ) ⊂ J ′ ∞ X. We observe that (g −1 ) L = παs. Here π : J ∞ Z → Z is the projection.
Let I ⊂ O X be an ideal sheaf such that O X /I has support X \U and g −1 I ⊂ O Y is contained in the jacobian ideal sheaf of the morphism g. Then the order of I along γ ∈ s(X) is bounded. Therefore the order of the jacobian ideal sheaf along γ ∈ αs(X) is ≤ n for some natural number n. Let J (n) 2n Z ⊂ J 2n Z be the subset of the 2n-jets γ whose order along the jacobian is ≤ n. Denef and Loeser proved in [6, Lemma 3.4 ] that for γ, γ ′ ∈ J (n) 2n Z, if they have the same image in J 2n X, then they have the same image in J n Z, too. Hence there is a natural map ψ : g 2n (J (n) 2n Z) → J n Z. Let θ : J n Z → Z and λ : J ∞ X → J 2n X be the natural projections. Then we obtain that (g −1 ) L | V = θψλs. Now, what remains to show is that ψ is a piecewise morphism.
Since the graph Proof. Let x 1, x 2 ∈ X and let C 1 , C 2 the integral curves through x 1 , x 2 respectively. By assumption,
Then there are a point q ∈ f L (X) and a sequence p i ∈ Y \ f L (X), i = 1, 2, . . ., such that p i converges to q. Let γ q , γ p i be arcs at q, p i respectively, induced by L ′ . Then we can see that γ q (η) ∈ U and γ
Remark 3.6. As is well known, for a morphism f : X → Y with X complete, the image is also complete. Hence if Y is irreducible and f is dominant, then f is surjective. It does not hold for a piecewise morphism. For example, consider a complete surface S containing a rational curve C with a node and the blow-up T of S at a point outside C. Then there is a piecewise morphism S → T which is a bijection onto T \ C ′ . Here C ′ is the inverse image of C. However the author guess that with the assumption in the theorem, f L (X) = Y holds. Corollary 3.7. Assume that dom(f L ) = X, L ′ is smooth, and X and Y have the same E-polynomial (for example, this is the case if they are K-equivalent.) Then f L is a piecewise isomorphism.
Proof. It is a direct consequence of Proposition 2.4 and the last theorem. Proof. Assume that f L is not surjective. Being a disjoint union of integral curves, a closed subset Y \ f L (X) is smooth and complete. (Actually it is a disjoint union of projective lines.) Hence the cohomology groups of Y \ f L (X) have pure Hodge structures, and
We can assume that X and Y are complete. Then E(X; 0, 0) = E(Y ; 0, 0) = 1. Since f L is injective, we have 1 = E(X; , 0, 0) = E(f L (X); 0, 0)
This is a contradiction.
For any proper birational morphism f : X · · · → Y of smooth varieties, there is a foliation L on X such that dom(f L ) = X. A foliation L ⊂ T X corresponds a global section of L −1 ⊗ T X . For a sufficiently ample L −1 , a general global section of L −1 ⊗ T X corresponds to a foliation L ⊂ T X with dom(f L ) = X. For such a foliation, we can not hope that f L is injective. However it is interesting to ask when it is surjective.
Here I wish to raise a question. A characteristic class of a foliated variety (X, L) is an element of H * (X, R) satisfying some functoriality, like Godbillon-Vey classes. (We refer to [13] .) If X and Y are K-equivalent smooth and complete varieties, then from motivic integration theory, there is an isomorphism H * (X, R) ∼ = H * (Y, R) as vector spaces or Hodge structures. At the moment, I do not know how to construct a natural isomorphism. Problem 3.9. Let X and Y be K-equivalent smooth and complete varieties. Assume that X is endowed with a smooth 1-dimensional foliation and the induced foliation on Y is also smooth. Assume also that we were given a natural isomorphism H * (X, R) ∼ = H * (Y, R). Then do the characteristic classes of the foliations correspond to each other by the isomorphism? 4. Examples 4.1. Standard flop. Let p ≥ 2 be an integer. We define a variety
These are smooth varieties. Let U ⊂ A p 2 be a variety
We naturally regard U to be open subsets of X + and X − . It induces a birational map f : X + · · · → X − , called a standard flop. Now we give a smooth foliation on U which smoothly extends to both X and Y . Let M = (z ij ) ∈ U. Choose j with (z 1j , . . . , z pj ) = 0 and put
It is a symmetric matrix and unique up to scalars independently of choices of j. Define a line L M : M + tM 1 , t ∈ C. The lines constitute a smooth foliation on U. The subset X + \ U (resp. X − \ U) is identified with P p with homogeneous coordinates x 1 , . . . , x p (resp. y 1 , . . . , y p ). The foliation smoothly extends to both X + and X − . The closure of L M in X + (resp. X − ) meets X \ U = P p (resp. Y \ U = P p ) at (z 1j : · · · : z pj ). Denote by L the foliation on X + . Then f L | X + \U : X + \ U → X − \ U, (x 1 : · · · : x p ) → (x 1 : · · · : x p ). Thus we have obtained an example of a flop of smoothly foliated varieties.
Mukai flop.
We set a subset of U,
Let X ′ + and X ′ − be the closure of U ′ in X + and X − respectively. Denote by g the birational map X ′ + · · · → X ′ − . It is an example of Mukai flops. Let M = (z ij ) ∈ U ′ . Choose j with (z 1j , . . . , z pj ) = 0. Let
It is unique up to scalar since rank M = 1. Now assume p ≡ 0 (mod 2). Put
Then
These lines constitute a smooth foliation on U ′ which smoothly extends to X ′ + and X ′ − . If we denote by L ′ the foliation on X ′ + , then g L ′ | X ′ + \U ′ :
x p ) → (x 2 : −x 1 : . . . ). Next assume that p ≡ 0 (mod 3). Let ζ := exp(2πi/3) and M 3 := (z 2j z 3j z, ζz 3j z 1j z, ζ 2 z 1j z 2j z, z 5j z 6j z, . . . ).
Then either M 3 = 0 or M 3 ∈ U ′ and define L ′′ M : M + tM 3 . Then the lines constitute a singular foliation on U ′ . It induces a quadratic transformation; X ′ + \ U ′ → X ′ − \ U ′ , (x 1 : · · · : x p ) → (x 2 x 3 : ζx 3 x 1 : ζ 2 x 1 x 2 : . . . ).
4.3.
From the viewpoint of GIT quotients. The varieties in the former example, X + and X − , are obtained as GIT quotients of the same action. (I found it in [14] though maybe it had been wellknown.) Let A be an affine space of dimension 2p with coordinates x 1 , . . . , x p , y 1 , . . . , y p . Consider an action of t ∈ G m on A, (x 1 , . . . , x p , y 1 , . . . , y p ) → (t −1 x 1 , . . . , t −1 x p , ty 1 , . . . , ty p ).
There are four kinds of orbits;
(1) the origin, (2) the lines through the origin in {y 1 = · · · = y p = 0} , (3) the lines through the origin in {x 1 = · · · = x p = 0} and (4) others (general orbits).
Let us denote by R the coordinate ring of A, C[x 1 , . . . , x p , y 1 , . . . , y p ]. According to the action, R has a structure of a graded ring;
with deg x i = −1 and deg y j = 1. A ring R 0 is generated by the x i y j , R + is generated over R 0 by the y j and R − by the x i .
Here we have two GIT quotients:
A \ {y 1 = · · · = y p = 0} → X + := Proj R + , and
A \ {x 1 = · · · = x p = 0} → X − := Proj R − .
The varieties X + and X − are isomorphic to ones in Section 4.1. A variety X + parametrizes the orbits of types 2 and 4, and a variety X − 3 and 4. Then U ⊂ X + , X − parametizes the orbits of type 4. With respect to the foliation in Section 4.1, an integral curve in U corresponds to a one-parameter family of orbits of type 4. The family has a limit as quadratic curves which is two lines with one of type 2 and the other of type 3. Namely an orbit of type 4 splits into ones of type 2 and 3 (and 1), which correspond to limit points of the integral curve in X + and X − .
